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THE EQUALITY CASE IN WU–YAU INEQUALITY
STEFANO TRAPANI
Abstract. In recent papers Wu-Yau, Tosatti-Yang and Diverio-Trapani, used
some natural differential inequalities for compact Ka¨hler manifolds with quasi neg-
ative holomorphic sectional curvature to derive positivity of the canonical bundle.
In this note we study the equality case of these inequalities.
1. Introduction
Let (X,ω) be a compact connected Ka¨hler manifold of complex dimension n. Let
kx(v) be the holomorphic sectional curvature of ω in x and in the direction of v ∈
Tx(X) with ||v||ω = 1. That is the sectional curvature of ω on the real two dimensional
subspace of Tx(X) spanned by v, Jv where J is the complex structure of X. Assume
that such holomorphic sectional curvature is ”quasi negative” i.e. that kx(v) ≤ 0 for
all x ∈ X and v unit vector in Tx(X), and that there exists a point x0 ∈ X such
that kx0(v) < 0 for every unit vector v ∈ Tx0(X). It was conjectured by S. T. Yau
that such manifolds have ample canonical bundle. This conjecture has been proved
by Yau himself together with D. Wu in [7] when the manifold is projective and the
curvature is strictly negative, shortly after this result was extended by Tosatti and
Yang in [6] to the case where the curvature is strictly negative and the manifold is
Ka¨hler. Finally the general conjecture was proved in [1], later all these results were
proved in a unified way in [8]. The method of proof in all these papers is similar
and it stems from the original [7] where the main point is the proof of a certain
differential inequality valid for manifolds with semi negative holomorphic sectional
curvature. In [1] the main result is also deduced from a differential inequality. In
another direction there is a long history of uniformization theorems derived from
differential geometrical conditions, in this note we show that we have equality in the
inequalities obtained in [7] and [1] if and only if the manifold is covered by the ball
and the metric ω is Ka¨hler Einstein.
2. The inequalities
Let (X,ω) be a compact connected Ka¨hler manifold of complex dimension n with
quasi negative holomorphic sectional curvature. Let H(x) = max(v∈Tx(X):|v|ω=1)kx(v)
M(x) = −
(
n+ 1
2n
H(x)
)
.
So by assumption M ≥ 0 and M(x0) > 0. By [7], [6], [1], [8] the canonical bundle
KX is ample. It follows from [9] that there exist a Ka¨hler Einstein metric ω
′ such
that Ricci(ω′) = −ω′.
Let M =
∫
X
M(x)ω′n∫
X
ω′n
be the mean value of M with respect to ω′. Note that M > 0.
Let S = nω∧ω
′n−1
ω′n
be the trace of ω with respect to ω′. Let f be the unique solution
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of the equation ∆ω′(f) =
M
M
− 1, minXf = 0. We consider the differential equation
∆ω′(h) =Mexp(h)− 1(1)
It is proved in [7] that the function log(S) is a subsolution of equation (1) i. e.
∆ω′(log(S)) ≥Mexp(log(S))− 1(2)
Moreover it is proved in [1] that the function f − log(M) is a super solution of the
same equation: i.e.
∆ω′(f − log(M) ≤Mexp(f − log(M))− 1.(3)
See also [4].
Using (2) and (3) we can derive the inequality
log(S) ≤ f − log(M)(4)
see [1].
3. The equalities
Here we want to study under which conditions the above inequalities are equalities.
First of all we have
Theorem 3.1. Let (X,ω) be a compact connected Ka¨hler manifold of complex di-
mension n, such that the holomorphic sectional curvature of ω is quasi negative then:
i) If n = 1 then the function log(S) solves equation (1) and X is covered by the disk,
moreover the function f − log(M) solves equation (1)
if and only if ω = λω′ for some positive constant λ.
ii) If n ≥ 2 then then the function log(S) solves equation ( 1)
if and only if X is covered by the ball and ω = λω′ for some positive constant λ.
Proof. Assume n = 1 then X is covered by the disk by Gauss Bonnet theorem, also
we can see that log(S) solves equation (1) by direct calculation. Moreover f−log(M)
solves equation (1) if and only if M
M
−1 = M
M
exp(f)−1 if and only if M
M
(exp(f)−1) ≡ 0.
Let Ω be the non empty open set where M is non zero. We then have that f ≡ 0 in
Ω hence M ≡ M on Ω and M ≡ 0 on X \ Ω. Since X is connected, it follows that
f − log(M) solves equation (1) if and only if the function M is a positive constant.
However in dimension 1 the function −M is the Gaussian curvature, claim i) follows.
We now prove ii). If X is covered by the ball and ω = λω′ with λ constant, the metric
ω′ is induced by the Bergman metric on the ball, see Example 6.6 chapter IX pag.163
[3], hence it has constant negative holomorphic sectional curvature k′ = −2
n+1
, see [3]
chapter IX remark pag.168 and Theorem 7.8 (2) pag. 169. Therefore the metric ω has
constant holomorphic sectional curvature k = −2
λ(n+1)
. Hence the functionM = 1
nλ
is a
positive constant, soM =M and log(S) = log(nλ) is also constant. Therefore log(S)
solves equation ( 1). Assume vice versa that n ≥ 2 and that log(S) solves equation
( 1), to prove the claim we look more closely at the proof of proposition 9 in [7].
For every x ∈ X let us fix holomorphic local coordinate centered at x, such that the
local expression gi,j¯ of the metric ω satisfies gi,j¯(0) = δi,j and
∂gi,j¯
∂zk
(0) =
∂gi,j¯
∂z¯k
(0) = 0
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whereas the local expression g′i,j¯ of the metric ω
′ is diagonal at 0. We denote by
Ri,j¯.k.l¯ and R
′
i,j¯.k.l¯ the component of the curvature tensor of ω and ω
′ respectively in
these coordinate system. We also denote by rij¯ , and r
′
ij¯ , the components of the Ricci
tensor of ω and ω′ respectively. We have the following formula, see [10] and [7],
∆ω′(S) = I1 + I2 + I3 where
I1 =
n∑
j=1
r′i,j¯
(g′j,j¯)
2
I2 =
n∑
j,k,l=1
|
∂g′j,k¯
∂zl
|2
g′j,j¯(g
′
k,k¯)
2g′l,l¯
I3 = −
n∑
j,k=1
Rj,j¯,k,k¯
g′j,j¯g
′
k,k¯
.
On the other hand
∆′(log(S)) =
∆′(S)
S
−
|∇′(S)|2
S2
Moreover in [7] Wu and Yau proved the inequalities:
I1 ≥ −S
I2 ≥
|∇′(S)|2
S
I3 ≤MS
2.
It follows that the condition that log(S) solves equation ( 1) is equivalent to
I1 = −S
I2 =
|∇′(S)|2
S
I3 =MS
2.
Let v be the vector with components
(
g′1,1¯, . . . g
′
n,n¯
)
and w be the vector with
components (1, 1, . . . , 1) , in the proof of the inequality I3 ≤ MS
2,Wu and Yau used
the Schwarz inequality < v,w >2≤ ||v||2||w||2, i.e. the comparison of the l1 and l2
norm of the vector v. Therefore if I3 =MS
2 then ω′(x) = λ(x)ω(x), with λ(x) = n
S(x)
.
Since the (1, 1) forms ω′ and n
S
ω are intrinsic, and for every x ∈ X there exists a
coordinate system centered at x where they coincide, they must coincide everywhere.
Since both ω and ω′ are closed (1, 1) forms, and since n ≥ 2 we conclude that λ = n
S
is constant. Now observe that any unit vector α1 in x for the metric ω(x) can be
the first vector of an ω(x) orthonormal basis α1, . . . , αn. Since g
′(x) = λ(x)g(x) such
basis is also ω′(x) orthogonal, and we can choose an holomorphic coordinate system
where αj =
∂
∂zj
at x for 1 ≤ j ≤ n. Now if Θ is the curvature form of ω at x then by
definition Θ(αj ⊗ αj , αj ⊗ αj)−H(x) ≤ 0 for all 1 ≤ j ≤ n, in particular
n∑
j=1
(Θ(αj ⊗ αj, αj ⊗ αj)−H(x)) ≤ 0.(5)
However the proof of the inequality I3 ≤MS
2 and of the Royden Lemma shows that
if we have I3 =MS
2 then Θ(αj ⊗αj , αj⊗αj) = −H(x) for all 1 ≤ j ≤ n. Since α1 is
an arbitrary ω(x) unit vector, we conclude that the holomorphic sectional curvature
of ω at x does not depend on the direction chosen, since n ≥ 2 the holomorphic
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sectional curvature is a negative constant, see [3] chapter IX pag. 168 Theorem 7.5.
Therefore X is covered by the ball, see [3] chapter IX pag 170 Theorem 7.9.
Remark 3.2. As we observed above the function f − log(M) solves equation ( 1) if
and only if the function M is a positive constant. This is the case for example if X
is covered by a bounded hermitian symmetric domain and ω = λω′ with λ positive
constant. So in general the condition M constant does not imply that X is covered by
the ball. Assume thatM is a positive constant, is then X covered by a Ka¨hler manifold
where the ω isometry group acts transitively ? Is the metric ω Ka¨hler Einstein in
this case ?
We also have:
Theorem 3.3. Let (X,ω) be as above then the following conditions are equivalent :
1) ω = λω′ for some positive constant λ,
and the manifold X is covered by the ball
2) log(S) = f − log(M) everywhere in X
3) log(S) = f − log(M) at some point in X
Proof. Assume condition 1) holds, then as we have seen above, the functionM =M =
1
nλ
is constant, hence the function f is identically 0, S = nλ and SM ≡ 1, therefore
condition 2) holds. Viceversa if condition 2) holds, then log(S) = f − log(M) solves
equation (1), since it is both a sub and a super solution, hence we obtain condition
1) by Theorem 3.1 i) if n = 1 and by Theorem 3.1 ii) if n ≥ 2. To see that 2) is
equivalent to 3) we apply the maximum principle. Let ψ = log(S)− f + log(M).
Note that the function ψ satisfies differential inequality
∆ω′(ψ) ≥ Lψ.(6)
Where L = M
M
exp(f)
(
exp(ψ)−1
ψ
)
(here we define
(
exp(ψ)−1
ψ
)
(p) = 1 if ψ(p) = 0). By
(4) we have that ψ ≤ 0, and that L ≥ 0. Therefore by the strong maximum principle,
[2] Theorem 3.5, if ψ vanishes at some point in X it is identically 0.
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